Abstract. Let Ω R ω be an open cone in R n , n ¥ 3, where ω S n¡1 is a smooth subdomain of the unit sphere. Denote by K and S the double and single layer potential operators associated to Ω and the Laplace operator ∆. Let r be the distance to the origin.
Introduction
The Dirichlet problem for Laplace's equation in a sufficiently regular bounded domain Ω R n can be solved for continuous boundary values using the double layer potential operator See for example [2, 3, 9, 11, 12, 13, 15, 16, 26, 24, 22, 29, 30] and the references therein. The virtue of using layer potential operators is that they reduce the existence problem for the Laplace equation to the invertibility of either of the operators 1 2 K or S. For instance, if the boundary is C 2 , then we can apply the classical Fredholm theory to the K and S to solve the Laplace's equation when ϕ L 2 pfΩq or ϕ CpfΩq [9] . If the boundary is only C 1 , the operator K is still compact [8] on L 2 pfΩq. However, if the boundary of our domain Ω is not C 1 , which is the case, for instance, if Ω is a polygon or, more generally, a domain with conical points, the double layer potential operator is no longer compact [5, 7, 17, 19, 20, 24, 25, 28] . A similar approach applies also to the Neumann problem for the Laplace equation.
These results justify studying in detail domains with conical points. For obvious technical reasons, we found it necessary to first take a close look at the case of straight cones, which is the main topic of this paper. We need a thorough understanding of the case of straight cones to be able to handle successfully the case of domains with conical points. In addition to using the theory of compact and Fredholm operators, to study straight cones, we found it necessary to use techniques of harmonic analysis such as the Mellin transform. Our main results are as follows. First, we provide a reduction, via Mellin transform, of the study of layer potentials on cones to the study of a family layer potential operators on the basis of the cone. This allows us to establish the invertibility of the relevant layer potential operators on cones. This invertibility turns our to hold for a range of weights. In the process, we determine in detail the structure of the layer potentials in terms of operator valued Mellin convolution operators.
Potential theory can be traced back to the works of Lagrange, Laplace, and Poission. One of the main motivations to study the layer potential operators in the setting of potential theory is that the single and double layer potentials represent a harmonic function in terms of its boundary data. Moreover, the layer potentials play a fundamental role in many real-world systems, especially in physics. For instance, Gauss used single layer potential to find, for arbitrary conductor Ω, the equilibrium charge distribution with the total charge M . (See [22] ). Many other mathematicians made important contributions to potential theory, such as Liouville, Neumann, Poincaré, Fredholm, Hilbert, and many others.
Recently, the method of potential theory has attracted some attention both in the theoretical and the applied mathematics. For instance, it plays an important role in solving boundary value problems of elliptic equations. It has applications to solving the Helmholtz equation and the equation of linear elasticity. The representation of the solution of the boundary value problem is sought as a single-layer or double-layer potential with given density. In applied mathematics, the so-called boundary element methods are often used for domains with singularities. The advantage of this method is that it decreases the dimension of the discretization space.
This paper is organized as follows. In Section 1, we introduce the single and double layer potentials for sufficiently regular domains. In Section 2, we define Mellin convolution operators and the filtered algebra R : R ¡k of Mellin convolution pseudodifferential operators on fΩ, with R k denoting the operators of order k. We then prove mapping properties for operators in R k . In Section 3, we introduce the Mellin transform for operators in R and study its properties. In Section 4 and Section 5, we define the double and single layer potential operators K and S associated to the Laplace operator on a straight cone, and related operator
, which unlike S, turns out to be a Mellin convolution operator. For the purpose of working with a dilation invariant measure on the cone, we introduce the modified operators r K :
. In Section 6, we define weighted Sobolev spaces on Ω or on fΩ. Then we prove that r K and r S 0 belong to R ¡1 . Using general results in Section 2, we establish some mapping properties of K and S between some weighted Sobolev spaces. Lastly Section 7 contains the proofs of our main results: that the operators 1 2 K and S 0 are isomorphisms between weighted Sobolev spaces for suitable weights.
We thank Irina Mitrea for some useful comments.
Layer potentials
Let us fix a Riemannian manifold M without boundary. The single and double layer potentials are defined for any domain Ω M whose boundary is sufficiently regular, but not necessarily smooth. These layer potentials are associated to a positive, strongly elliptic operator P °a ij f i f j °b j f j c and a fundamental solution Epx, yq of P . In this paper, we just focus on the case where P is the positive Laplacian:
P ¡∆ and E is its usual fundamental solution.
We shall denote by Ψ k pMq the space of pseudodifferential operators of order k on M [9, 10, 29] . Suppose we are given a domain Ω M on which there is a given fundamental solution Epx, yq of the Laplacian. Let ω n denote the area of S n¡1 and let c n ¡rpn ¡ 2qω n s ¡1 for n 3, and c 2 1{2π. More precisely, we assume that we are given a smooth function E : M ¢ M diag M Ñ R, where diag M is the diagonal of M , such that for any fixed y, Epx, yq defines a distribution in x satisfying ¡∆ x Epx, yq δ y pxq, where Epx, yq is the Schwartz kernel of an operator Epx, Dq Ψ ¡2 pMq and δ y is the Dirac distribution at y. We then have Epx, yq c n distpx, yq 2¡n ¤ ¤ ¤ as x Ñ y, if n 3, while Epx, yq c 2 log distpx, yq ¤ ¤ ¤ if n 2. See [6, 29] .
Assume Ω is a polyhedral domain, so that the surface measure dS n¡1
on Ω is defined and that the unit normal vector νpyq to fΩ is defined almost everywhere with respect to dS n¡1 . We introduce the operators S and D, mapping functions on the boundary fΩ to functions on the whole space R n . Let ν denote the unit outer normal vector field on fΩ. In the cases of interest, we will check that these integrals converge.
The operators K Kp∆, E; Ωq and S Sp∆, E; Ωq define the double and single layer potential operators for ∆, E, and Ω. They map functions on fΩ to functions on fΩ. As indicated in the notation, the operators S and K depend on the choice of E. In this paper we shall study the case when Ω is an open cone (5) . In this case, we will show that K and S are related to some specific Mellin convolution operators, which will be used to study the properties of these operators.
Mellin convolution operators
Let ω S n¡1 (n 3) be an open subset with smooth boundary. We allow ω to be disconnected. Denote by (5) Ω : R ω : tty I : y I ω, t p0, Vqu the open cone with base ω. Since any point x Ω can uniquely be written as rx I , where r R and x I ω, we shall sometimes identify a point x rx I Ω with the pair pr, x I q R ¢ ω. Denote the surface measure on ω by dS n¡1 px I q and the measure on fω by dS n¡2 px I q, and set (6) dµ n pr, x I q r ¡1 drdS n¡1 px I q, and dµ n¡1 pr, x I q r ¡1 drdS n¡2 px I q, which give rise to Hilbert spaces L 2 pΩ, dµ n q and L 2 pfΩ, dµ n¡1 q. Definition 2.1. Let p ppr, x I , y I q C V pR ¢ ω ¢ ωq and u C c pΩq.
Define the function P u on Ω by
ppr{s, x I , y I qups, y I q ds s dS n¡1 py I q.
The operator C p : P will be called the smoothing Mellin convolution operator on Ω with (operator valued) convolution kernel p. If p is only continuous, the operator C p : P will be called the Mellin convolution operator on Ω with continuous (operator valued) convolution kernel p.
If p ppr, x I , y I q C V pR ¢ fω ¢ fωq, we define smoothing Mellin convolution operators on fΩ in the same way. Any extension of P contained in the closure of P will also be called a Mellin convolution operator.
The operator valued convolution kernel of a Mellin convolution operator P will be denoted by k P . Thus k P p in the above definition. Definition 2.2. For any t p0, Vq, we define the dilation α t (by t) by the formula Since p 1 is continuous, we obtain p 1 pr, s{t, x I , y I q p 1 ptr, s, x I , y I q for any t R . This show that p 1 pr, s, x I , y I q p 1 p1, r{s, x I , y, q, and hence that p 1 pr, s, x I , y I q depends only on r{s. Therefore, P is a Mellin convolution operator with kernel ppt, x I , y I q p 1 p1, r{s, x I , y I q. The converse is proved in exactly the same way.
For a Mellin convolution operator P on Ω R ω with operator valued kernel ppr, x I , y I q, we shall denote by P prq the integral operator on ω with kernel ppr, x I , y I q. By differentiating with respect to t in Lemma 2.3 and taking into account that rf r pα t q I | t0 , we obtain the following corollary.
Corollary 2.4. Let P be a Mellin convolution operator on Ω with operator-valued convolution kernel k P pr, x I , y I q ppr, x I , y I q. Then prf r qP P prf r q. Moreover, the operator prf r qP is the Mellin convolution operator with operator-valued convolution kernel prf r qp. The same is true if P is a Mellin convolution operator on fΩ.
We now introduce suitable algebras of Mellin convolution operators.
Let ∆ fΩ be the Laplace operator on R ¢ fω associated to the metric pr ¡1 drq 2 pdx I q 2 , where pdx I q 2 is the metric on fω induced from S n¡1 . Then ∆ fΩ prf r q 2 ∆ fω . Proposition 2.5. Let ϕ C V pR ¢fω¢fωq and C ϕ denote the Mellin convolution operator on fΩ with kernel ϕ. Then we have, for j, k N t0u,
Proof. Integration by parts implies the first statement. To prove the second statement, it is enough to show the case j 1. The result follows from Corollary 2.4, using also a short calculation.
Definition 2.6. Define R ¡V to be the space of Mellin convolution operators P on fΩ with kernel ppr, x I , y I q C V pR ¢ fω ¢ fωq for which there exists ¡ 0 such that, for all pr, x I , y I q R ¢ fω ¢ fω,
where Cpi, j, kq is a constant depending on i, j, and k.
Remark 2.7. By Proposition 2.5, the above definition implies that p and its all partial derivatives have rapid decay as r Ñ 0 and r Ñ V.
We endow R ¡V with the convolution product:
We define an involution on R ¡V by (8) p ¦ pr, x I , y I q ppr ¡1 , y I , x I q. Lemma 2.8. The space R ¡V is a ¦-algebra. Proof. If p R ¡V , it is easy to see that p ¦ R ¡V . We need to show that if p 1 , p 2 R ¡V , then p 1 ¦ p 2 R ¡V . Let ¡ 0 be the constant defining p 1 and p 2 . It is enough to check that
for any 0
The proof is now complete.
Let us define now Ψ m prop pMq to be the set of properly supported pseudodifferential operators on a manifold M . Then we let
That is, we augment the spaces of properly supported, dilation invariant pseudodifferential operators on R ¢fω with the subspace R ¡V of regularizing Mellin operators. Then R j R i R i j and each R k consists of dilation invariant operators with suitable mapping properties between weighted Sobolev spaces.
Recall that Ω R n is an open cone, so that fΩ has dimension n ¡1.
where C is a constant depending on P but not on f .
Proof. Let p CpfΩ ¢ fΩq be the distribution kernel of P . Since P is dilation invariant and has a continuous kernel, we can use Lemma 2.3 to conclude that it is a Mellin convolution operator.
Let us split P Q 0 Q 1 , where Q 0 Ψ ¡n prop pfΩq R and Q 1 R ¡V .
Since Q 0 is properly supported, the decay properties of p will depend only on the decay properties of the kernel of Q 1 , and hence there exists A standard lemma (the generalized Young's inequality [9] ) then gives the result.
Next, we want to extend the definition of the operator valued convolution kernel of an operator in R ¡V to operators in R m . To do this, we choose an approximate unit φ n R ¡V . Let P Ψ m pR ¢ fωq R .
Define P n C φn P . Hence P n R ¡V . Denote the kernel of P n by k Pn . Then the convolution kernel of P is defined to be k p lim nÑV k Pn . See [23, 27] .
We turn our attention to studying the mapping property for P R k . Denote by g the cylindrical metric on R ¢ fω, that is, g pr ¡1 Proof. First of all, suppose that P Ψ ¡a
Then we can use the standard Hörmander trick (see for example, [29] ) to show that if P Ψ 0 prop pR ¢ fωq
This completes the proof.
We therefore obtain Corollary 2.12. Let P R k , then for all m Z, we have that P defines a bounded operator
Convolution and the Mellin Transform
A standard tool in the study of domains with conical points is the Mellin Transform [4, 7, 14, 21, 27] . Recall that the Mellin transform
We extend this definition to f C c pΩq by
A similar formula defines M U f pt, x I q if f C c pfΩq. The Mellin transform M U P ptq of P is defined to be integral kernel operator with kernel M U ppt, x I , y I q. This definition extends to P R k by allowing p to be a distribution with singular support at 1.
We shall need the following. 
Let us recall the following standard properties of the Mellin transform.
Proposition 3.5. Suppose P R k is a Mellin convolution operator on fΩ with operator-valued convolution kernel p. Then M U P ptq Ψ k pfωq and for any u C c pfΩq, we have
The same is true if P is a smoothing Mellin convolution operator on Ω.
Proof. We have that M U P ptq Ψ k pfωq by [23, 27] . Let vpt, x I q pPuqpt, x I q. Let us assume first that u C c pfΩq and P R ¡V . Then we calculate using Fubini's theorem to interchange the order of integration. The general case P R k follows by considering an approximate unit φ n R ¡V , that is a sequence such that φ n ¦ f Ñ f . This completes the proof.
Let us denote by M f the multiplication operator by f . Proposition 3.6. Let P R k be a Mellin convolution operator on fΩ with operator-valued convolution kernel ppr, x I , y I q. Then Q : M r a P M r ¡a is still a convolution operator with kernel k Q pr, x I , y I q r a ppr, x I , y I q. The same is true if P is a smoothing Mellin convolution operator on Ω. This gives the following.
where is as in Definition 2.6.
The above corollary allows us to extend the Mellin transform to the class of operators P such that r a P r ¡a R k for some a and k. The Mellin transform of P will then be defined and holomorphic in a set containing | pz ¡ aq| form some small ¡ 0. Also, we shall agree that the Mellin transform is extended holomorphically to the largest set of the form ta pzq bu.
The Lebesgue measure on R n is given in spherical coordinates by dx r n¡1 drdS n¡1 px I q, where dS n¡1 px I q is the surface measure on the unit sphere in R 
The shift in Definition 3.9 is necessary to make M fΩ unitary up to a multiple. We will drop fΩ if no confusion can arise. Lemma 3.10.
(i) Let P be a smoothing Mellin convolution operator on Ω with operator-valued convolution kernel ppr, x I , y I q. prop pR ¢fωq
prop pR ¢ fωq, so for j large enough, so this follows from the above discussion.
We are ready now to complete the proof of Theorem 3.12.
Proof of Theorem 3.12. By Proposition 3.14, we have if [18] , the algebra R ¡1 is closed under holomorphic functional calculus in A. Similarly, and R 0 is also closed under holomorphic functional calculus.
The second part follows from Lemma 3.13. We allow ω to be disconnected. Denote by Ω R ω the cone with base ω, as before (Equation (5)). We denote by dS n¡1 pxq be the surface measure with respect to fΩ. In these generalized spherical coordinates, the Laplacian ∆ °j f 2 j on Ω is given by
where ∆ S n¡1 is the Laplacian on S n¡1 . Let
Epx, yq
be the standard fundamental solution for ∆ (so ω n is the area of the unit sphere in R Let ν denote the outward unit normal vector. A convenient way of writing the operators K and S for the cone takes into account the dilation invariance of the cone. Let x rx I , y sy I , and denote by dS n¡2 py I q the measure on fω and νpyq the unit outer normal vector to fΩ at the point y fΩ. Then the double layer potential operator K can be written as Thus Equation (10) shows that K is a Mellin convolution operator with the operator-valued convolution kernel (11) kpr, x I , y I q : ¡ 1 ω n rx I ¤ νpy I q |rx I ¡ y I | n ¡ 1 ω n rx I ¤ νpy I q pr 2 ¡ 2rx I ¤ y I 1q n{2 .
To obtain similar results for the single layer potential operator S, we shall need the operator Φ : C V c pΩq Ñ L Lemma 4.1. For any t R , we have
k , where r is the radial variable.
Proof. Since K and Φ 0 are both Mellin convolution operators, the conclusions if (i) and (ii) follow from Lemma 2.3. To prove (iii), it is enough to notice that rf r α I t | t0 .
qpMuqptq.
Proof. This follows from Example 3.3 and Lemma 3.5. Indeed, we have
From Equation (13), we see that Φ 0 is a Mellin convolution operator with kernel (14)
MpΦ 0 uqptq MΦ 0 ptqMuptq, provided that ptq p1, n ¡ 1q. .
Hence, if a p1, n ¡ 1q, then |r a φ 0 pr, x I , y I q| Ñ 0 as r Ñ 0 and r Ñ V.
To complete the proof, we just apply the Mellin transform for the indicated range of t.
Remark 4.4. Throughout this section, the equalities involving Mellin transform are assumed to hold when the later is defined.
Denote by ∆ ω the restriction of ∆ S n¡1 to ω S n¡1 . Let ∆ 0 M r ∆M r and Φ 0 M r ¡1ΦM r ¡1. and domain ω.
In particular, the function M U r φ 0 ptq is a fundamental solution for the operator
Proof. By Proposition 4.5 and Lemma 4.6, we have
We now turn our attention to the double layer potential operator K.
Lemma 4.8. For f C c pfΩzt0uq, we have
MpKf qptq MKptqMf ptq.
Proof. This is an immediate consequence of Lemma 3.10. Proof. Recall that the kernel k of double layer potential operator K is given in Equation (11) , then, unlike S, S 0 is a Mellin convolution operator, and its operator-valued convolution kernel is given by (19) hpr, x I , y I q , where x I , y I fω.
Proof. By Proposition 3.6, the operator r S 0 has Mellin convolution kernel r hpr, x I , y I q r Proof. The result follows from Proposition 5.7 in [1] , and can also be easily checked by direct computations.
The identification given above allows us to define weighted Sobolev spaces on the boundary K m a pΩq. For more details, see [1] . Proposition 6.2. For m Z , we have the following identification:
Proof. The result follows from Definition 5.8 in [1] , and can also be easily checked by direct computations.
To study the mapping properties of operators in R k , we need to isolate their singularity near 1. For this purpose, let us now choose a smooth cutoff function (20) χpr, x I , y I q χprq 
, then there exists some constant C 2 C 2 p 2 , i, j, lq, such that sup pr,x I ,y I qR ¢fω¢fω ¡ r 1 r
As a consequence, p1 ¡ χq r h b R ¡V .
3.7, we have
The same argument can be applied to M r b r S 0 M r ¡b.
Similarly, we have the following.
Theorem 6.5. The following operators are well-defined and continuous:
and m Z, then
Proof. The results follow immediately from Theorem 6.4, Theorem 6.2, and Corollary 2.12.
For the operators of interest, we obtain the following.
Corollary 6.6. We have the following mapping properties:
(i) if ¡1 a n ¡ 1 and m Z, then 
Invertibility of layer potentials
We have proved already the more precise result that r S 0 and r K are in R ¡1 . In this section, we will use functional analytic argument to reduce global invertibility to the invertibility of the Mellin transform for each t.
We now come to one of our main results, which identifies the Mellin transform of the double layer potential operator Kp∆, E; Ωq of ∆ on the cone Ω : R ω in terms of the double layer potential of ∆ ω ¡ t Proof. This is a consequence of Theorem 6.4 and Definition 3.11.
In the next two theorems, in order to apply theorems in [28] to obtain invertibility of 1 2 K and S, we need to assume that ω S n¡1 is connected. 
